Abstract. A double sequence {x k,l } is quasi-Cauchy if given an ǫ > 0 there exists an N ∈ N such that max r,s=1 and/or 0 |x k,l − x k+r,l+s | < ǫ .
Introduction
In 1900, Pringsheim ([14] ) introduced the concept of convergence of real double sequences. Four years later, Hardy ([7] ) introduced the notion of regular convergence for double sequences in the sense that double sequence has a limit in Pringsheim's sense and has one sided limits (see also [15, 6] ). A considerable number of papers which appeared in recent years study double sequences from various points of view (see [1, 5, 8, 13, 12, 4, 10, 9] ). Some results in the investigation are generalizations of known results concerning simple sequences to certain classes of double sequences, while other results reflect a specific nature of the Pringsheim convergence (e.g., the fact that a double sequence may converge without being bounded).
The aim of this paper is to introduce quasi-Cauchy double sequences, and investigate newly defined types of continuities for factorable double functions. Proof. Suppose that f is not continuous at L. Then there is an ε 0 > 0 such that for any δ > 0 there exist an x δ so that be any P -convergent factorable double sequence with P-limit L. Then the sequence
is also P -convergent with P -limit L. Since any convergent double sequence is quasi-Cauchy this sequence is quasi-Cauchy. So the transformed sequence f (α) = {f (a i,j )} of the sequence α is quasi-Cauchy. Thus it follows that
is factorable quasi-Cauchy double sequence. Now it follows that {f (a i,j )} is a Pconvergent factorable double sequence with P -limit f (L). By Theorem 3.1, we get that the function f is continuous. This completes the proof of the theorem.
Theorem 3.3. Suppose that I × I is a two dimensional interval and
is a double sequence of ordered pairs in I × I with
Then there exists a double quasi-Cauchy sequence {x i,j } with the property that for any ordered pair of integers (i, j); i, j > 1 there exists an ordered pair (ī,j);ī,j > 1 such that
and
Now .
is clearly a double sequence that has the desired property.
Theorem 3.4. Suppose that I × I is any two dimensional interval. Then a two dimensional factorable real-valued function is uniformly continuous on I × I if and only if it is defined on I × I and preserves factorable double quasi-Cauchy sequences from I × I.
Proof. It is clear that two dimensional uniformly continuous functions preserve double quasi-Cauchy sequence.
Conversely, suppose that f defined on I × I in not uniformly continuous. Then there exists an ǫ > 0 such that for any δ > 0 there exist (a, b), (ā,b) ∈ I × I with with i ≥ 1 and j ≥ 1, there exist ordered pairs integers (ī,j) with a i,j = xī ,j and
Thus {f (x i , x j )} is not quasi-Cauchy. Thus f does not preserve double quasiCauchy sequence. Then there exists an ǫ > 0 such that for any δ > 0 there exist (x, y), (x,ȳ) ∈ I × I
and |f (x, y) − f (x,ȳ)| ≥ ǫ, respectively. For each (m, n); m, n ≥ 1, for fix double is P -convergent. Thus Cauchy, however the image
is no quasi-Cauchy. Thus we have a contradiction.
General Metric Space
Definition 4.1. Suppose that X ∈ R 2 is a set and
(1) d is called a pseudometric if it satisfies the following:
for all x, y and z ∈ X 
Thus the factorable double sequence {x k,l } is also Cauchy.
Conclusion
It is easy to see that double Cauchy sequences are double quasi-Cauchy. The converse is easily seen to be false as in the single dimensional case ( [2] , [3] ). One should also note that the single dimensional subsequences of an ordinary Cauchy sequence are also Cauchy sequence. However the subsequence of quasi-Cauchy sequence is not quasi-Cauchy. But not just that, the subsequence of an ordinary Cauchy sequence is quasi-Cauchy. Now for double sequence the picture is very similar. Every subsequence of a double Cauchy sequence is also double quasiCauchy. The converse is also easily seen to be false. Similar to ordinary sequences the subsequence of a double quasi-Cauchy sequence is arbitrary to say the least.
That brings us to the starting point of this analysis. We illustrate this fact through Theorem 3.3. One should also note that are nice connections between double quasiCauchy sequences and uniform continuity of two-dimensional real-valued functions.
This is illustrated through the following theorem. Suppose that I × I is any two dimensional interval. Then a two dimensional factorable real-valued functions is uniformly continuous on I × I if and only if it is defined on I × I and preserves factorable double quasi-Cauchy sequences from I × I. Extensions and variations of the above theorems was also presented.
